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We study dynami ground state properties in the rossover from weak (BCS) to strong oupling
(BEC) superuidity. Our approah is based on the attrative Hubbard model whih is analyzed
by the dynamial mean eld theory (DMFT) ombined with the numerial renormalization group
(NRG). We present an extension of the NRG method for eetive impurity models to self-onsistent
alulations with superonduting symmetry breaking. In the one partile spetra we show quan-
titatively how the Bogoliubov quasipartiles at weak oupling beome suppressed at intermediate
oupling. We also present results for the spin and harge gap. The extension of the NRG method to
self-onsistent superonduting solutions opens the possibility to study a range of other important
appliations.
PACS numbers: 71.10.Fd,73.22.Gk,74.20.Fg,71.27.+a
Introdution - There has been a resurgene of inter-
est into the nature of the rossover from the weak ou-
pling Bardeen, Cooper, and Shrieer
1
(BCS) superu-
idity to the Bose Einstein ondensation (BEC) of pre-
formed pairs, due to its reent experimental realization
for ultraold atoms in an optial trap
2,3,4,5
. In the ul-
traold atom experiments, the interations between the
fermioni atoms in the trap an be tuned by a Fesh-
bah resonane permitting an unpreedented ontrol of
the parameters, so that theoretial preditions may now
be put to an experimental test. Above the transition
temperature the two limiting ases, BCS superondu-
tivity and BEC, orrespond to quite dierent physial
situations. The weak oupling BCS theory desribes a
fermioni system with Cooper instability, whereas the
strong oupling BEC limit is a system of strongly bound
fermion pairs, whih obey Bose statistis. The theoret-
ial understanding whih has been developed over the
years is that the properties, suh as the order parameter
∆sc and the transition temperature Tc to the superuid
state, are onneted by a smooth rossover, and approx-
imate interpolation shemes between these limits have
been devised
6,7,8,9
.
There is experimental evidene that the BCS-BEC
rossover has also relevane for strong oupling and high
temperature superondutors. These superondutors
display properties, it has been laimed
10,11,12
, that an
be understood in terms of loal pairs, preformed above
the transition temperature Tc, in ontrast to the BCS
piture, where the pairs no longer exist above Tc.
As more experimental tehniques, suh as pairing gap
spetrosopy
13,14
, are being developed to probe this
rossover, more detailed theoretial preditions are re-
quired. In partiular the dynami response funtions
have reeived little theoretial attention, and it is the pre-
ditions for these quantities through the rossover that
will be the fous of the present paper.
Here, we use the attrative Hubbard model
10
to study
the rossover. In order to investigate the full rossover
regime from weak to strong oupling a reliable non-
perturbative method is needed. We employ the dynami-
al mean eld theory (DMFT), together with the numer-
ial renormalization group (NRG) to treat the eetive
impurity problem. DMFT studies, whih are appropri-
ate for the three and higher dimensional ase, for the
attrative Hubbard model with other methods for the
eetive impurity problem have been arried out in the
normal phase
15,16
, and more reently in the symmetry-
broken phase
11,17,18
. But spetral properties have not
been alulated and analyzed in detail there. There have
been alulations of the dynami response funtions for
the two dimensional model, for example with quantum
Monte Carlo
19
or reent work using the ellular DMFT
20
.
Our results based on the DMFT are not expeted to be
diretly appliable to this low dimensional ase, but a
omparison an be of interest to see if there are ommon
trends.
Our method to study the eetive impurity problem,
the NRG, is a non-perturbative method originally de-
vised by Wilson
21
to analyze the many body problem in
the Kondo model and Anderson impurity model (AIM).
In this approah the high energy degrees of freedom are
eliminated numerially to nd a an eetive low energy
theory, and its early appliation ontributed vitally to the
quantitative understanding of the Kondo problem
22
. The
method was developed further in the 1990s, when it was
extended to the alulation of spetral funtions
23,24
. Af-
ter the advent of the DMFT
25
it was realized then that it
ould be used for self-onsistent solutions of the eetive
impurity problem
26
. The alulation of spetral fun-
tions was improved further by approahes based on the
density matrix
27
and the omplete basis set proposed by
Anders and Shiller
28,29,30
. Our approah uses this latest
full density matrix sheme to alulate reliable spetral
funtions. The NRG method and its appliations are
omprehensively reviewed by Bulla et al.
31
.
In the original theory and in many of the appliations
one deals with a metalli system, where the NRG inher-
ent logarithmi disretization and the desent to low en-
ergies gives the aurate low energy properties. However,
2the method has also given reliable results in situations
with a gap in the spetrum. Examples inlude the Mott
transition
32
or antiferromagneti solutions
33,34
in the re-
pulsive Hubbard model in the DMFT-NRG framework.
There is also an extensive amount of work for situations
where the bath of the impurity model is a mean eld BCS
superondutor with given energy gap
35,36,37,38,39,40,41
.
The NRG parameters for the bath in this ase are xed
and an be determined by a straightforward generaliza-
tion of the original NRG approah. Here, we present
the extension of the method to alulations where the
parameters desribing the superonduting bath have to
be determined self-onsistently, whih is a requirement of
the DMFT approah, where the impurity is an eetive
one and plays an auxiliary role. This opens the possi-
bility to study a number of interesting non-perturbative
problems involving superondutivity in a well ontrolled
framework.
Formalism - Our study is based on the attrative
Hubbard model
10
,
H = −
∑
i,j,σ
(tijc
†
i,σcj,σ + h.c.)− µ
∑
iσ
niσ − U
∑
i
ni,↑ni,↓,
(1)
with the hemial potential µ, the interation strength
U > 0 and the hopping parameters tij . c
†
i,σ reates a
fermion at site i with spin σ, and ni,σ = c
†
i,σci,σ. For
the DMFT alulation we employ the Anderson impu-
rity model in a superonduting medium as the eetive
impurity model,
HAnd = Himp +
∑
k,σ
εkc
†
k,σck,σ +
∑
k,σ
Vk(c
†
k,σdσ + h.c.)
−
∑
k
∆k[c
†
k,↑c
†
−k,↓ + c−k,↓ck,↑], (2)
where Himp =
∑
σ εdnd,σ − Und,↑nd,↓ and dσ is the
fermioni operator at the impurity site. εk, Vk and
∆k are parameters of the medium. The non-interating
Green's funtion matrix at T = 0 has the form,
G0(ω)
−1 = ω12 − εdτ3 −K(ω). (3)
K(ω) is the generalized matrix hybridization for the
medium, with diagonal part
K11(ω) =
1
N
∑
k
V 2k
ω + εk
ω2 − (ε2k +∆2k)
(4)
and odiagonal part,
K21(ω) =
1
N
∑
k
V 2k
∆k
ω2 − (ε2k +∆2k)
. (5)
In the DMFT with superonduting symmetry breaking
the eetive Weiss eld is a 2 × 2 matrix G−1
0
(t)25. The
DMFT self-onsisteny equation in this ase also is a ma-
trix equation,
G−1
0
(ω) = G(ω)−1 +Σ(ω), (6)
with the k-independent self-energy Σ(ω) and the loal
lattie Green's funtion G(ω). We identify as usual
G0(ω) = G0(ω). Having alulated the loal Green's
funtion G and the self-energy Σ(ω), the self-onsisteny
equation (6) determines the new Weiss eld and medium
as input for the eetive impurity problem. One K11(ω)
and K21(ω) are given by (6), the problem is to alulate
the eetive impurity model parameters and map (2) to
the linear hain Hamiltonian,
HAnd = Himp +
∑
σ,n
βn(f
†
n,σfn+1,σ + h.c.) (7)
+
∑
σ,n
εnf
†
n,σfn,σ −
∑
n
∆n(f
†
n,↑f
†
n,↓ + h.c.),
to whih the iterative diagonalization of the NRG an
be applied. βn, εn, and ∆n are the parameters of the
linear hain model and f †n,σ the operators for the sites.
The details of how this an be ahieved will be published
elsewhere
42
.
Results - Stati and integrated quantities like the or-
der parameter, the average pair density 〈n↑n↓〉 or super-
uid density Ds have been disussed in other works
11,17
.
We will present our DMFT-NRG results for these quan-
tities in a separate publiation
42
. Here we fous on dy-
nami response funtions, whih have reeived little at-
tention so far.
For numerial alulations within the DMFT-NRG ap-
proah we take the semi-elliptial form of the Bethe lat-
tie for the non-interating density of states ρ0(ε) =
2
√
D2 − ε2/piD2, where 2D is the band width with D =
2t for the Hubbard model. t = 1 sets the energy sale
in the following. All the results presented here are for
T = 0 and the generi ase of quarter lling, n = 1/2.
The spetral gap and the quasipartile exitations
an be analyzed from the one partile Green's funtion
Gk(ω), whih is the diagonal element of the inverse of
Gk(ω)
−1
Gk(ω)
−1 = G0k(ω)
−1 − Σ(ω). (8)
In the BCS limit the exitations an be desribed by
GBCSk (ω) =
u2k
ω − E0k
+
v2k
ω + E0k
,
where u2k = (1 + (ξk + Un/2)/E
0
k)/2, v
2
k = 1 − u2k with
ξk = εk − µ. The mean eld order parameter ∆sc,MF =
U〈c0,↑c0,↓ 〉MF and the hemial potential µ are deter-
mined from the gap and number equation, respetively.
In this approximation the two bands of quasipartile exi-
tations are given by ±E0k = ±
√
(ξk + Un/2)2 +∆2sc,MF,
with weights u2k for the positive and v
2
k for the negative
exitations with innite lifetime. In the real interating
system this is obviously not the ase and our alulation
of the dynami quantities allows one to study this.
The standard way to analyze the real quasiparti-
le exitations Ek is to use the many-body denition,
3ReGk(ω = Ek)
−1 = 0. When the self-energy funtions
are alulated from DMFT this an be solved for a given
εk as an impliit equation. Due to the symmetries of the
self-energy for a solution ω = Ek also ω = −Ek is a so-
lution of this equation. In order to extrat quasipartile
parameters in a simplied form, we expand around these
solutions.
43
We dene
z(Ek)
−1 =
1
2Ek
∂ReGk(ω = Ek)
−1
∂ω
. (9)
In the viinity of ω = Ek the Green's funtion then reads
Gk(ω) =
u2(Ek)
z(Ek)−1(ω − Ek) + iW¯ (Ek)
, (10)
where we have set ω = Ek in the numerator, u
2(Ek) =
(Ek + ξk −Σ22(Ek))/2Ek, and approximated the imagi-
nary part by
W¯ (Ek) =
ImGk(ω = Ek)
−1
2Ek
(11)
independent of ω. The main ontribution for the spetral
density near ω = Ek is then
ρk(ω) = u
2(Ek)z(Ek)
W (Ek)/pi
(ω − Ek)2 +W (Ek)2 , (12)
where W (Ek) = z(Ek)W¯ (Ek). If W (Ek) is small
then this is a well-dened Lorentz quasipartile peak
with width W (Ek) and spetral weight w+(Ek) =
z(Ek)u
2(Ek). The same analysis an be done near
ω = −Ek. With these quantities we an analyze the
question up to whih interation strength there are well-
dened fermioni (gapped) quasipartiles, i.e. whih are
not too broad.
In Fig. 1 we give a typial example of εk-resolved
spetra ρk(ω) for U = 2, whih is the ritial interation
Uc for bound state formation in the two-body problem
for the Bethe lattie
17
.
We an see the two bands of quasipartile exitations
with the sharpest peaks in the region of minimal spetral
gap. These spetra an be ompared with the ones whih
were alulated by Garg et al.
17
by iterated perturbation
theory. There the quasipartile exitation delta peaks are
disonneted from the ontinuum, whih is however an
artifat of the approximation for the self-energy, whose
imaginary part vanishes over too large a region in ω. The
mean eld results (red arrows) desribe the form of the
quasipartile bands qualitatively well. Also the weight of
the peaks in the full spetrum ρk(ω) is omparable with
the height of the arrows of the mean eld theory. Notie
that the sharpest peaks of ρk(ω) have the Lorentzian
shape as in (12). For dierent εk and also at larger U
the peak form an be asymmetri and (12) not suh a
good t.
The eet of the dynami utuations on the exitation
spetrum an be seen learer in the inset of Fig. 1, where
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FIG. 1: (Color online) The εk-resolved spetral funtions
ρk(ω) for U = 2. The arrows show the delta-funtion peaks of
the mean eld result ρBCSk (ω), where the height of the arrow
indiates the weight of the peak. Inset: Mean eld bands E0k
(dashed) and real quasipartile band Ek (full line).
we ompare the mean-eld bands E0k with the real quasi-
partile band Ek. We an see a substantial redution of
the exitations energy for a ertain bare energy εk. For
instane, the minimal spetral gap ∆ex = min(Ek) is re-
dued by a fator of about 2.3 in this ase. For dierent
values of the interation in the whole rossover regime
this redution eet an be seen in Fig. 2, where we
plot the value of the order parameter omputed by mean
eld (MF) theory, ∆sc,MF, and DMFT, ∆sc,DMFT, and
the spetral exitation gap ∆ex. Note that only at weak
oupling the minimal spetral gap is stritly given by
∆ex, sine at intermediate to stronger oupling there are
broader peaks and one nds nite weight for |ω| < ∆ex
implying a smaller exitation gap.
42
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FIG. 2: (Color online) Comparison of the order parameter
∆sc (mean eld theory and DMFT) with spetral gap ∆ex for
a range of interations U .
The order parameter ∆sc,DMFT is redued from its mean
eld value ∆sc,MF upon inluding utuations for all ou-
4pling strengths.
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Furthermore, we an see that the gap
in the single partile spetrum ∆ex, as dedued from the
one partile Green's funtion, is in turn smaller than
∆sc,DMFT for intermediate to strong oupling. At weak
oupling these quantities tend to the same value suggest-
ing an exitation spetrum of a renormalized mean eld
form.
In the weak oupling mean eld theory the elementary
exitations are gapped fermions. However, for strong
oupling we deal with a bosoni system, and due to the
large gap of order U fermioni exitations are suppressed.
We now analyze at whih point in the intermediate ou-
pling regime one tends to lose the sharp quasipartile ex-
itations. In order to study this question we look at the
width of the exitations dened at the smallest spetral
exitations W = W (Ek = ∆ex). If this is small we have
a strongly peaked well-dened quasipartile exitation as
observed in Fig. 1, whereas for larger width the exita-
tion deays more rapidly. For dierent loal interation
strengths this is illustrated in Fig. 3.
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FIG. 3: The quasipartile width W at the exitation gap
energy for a range of interations U . Inset: The ratio W/∆ex.
We nd that whilst W is very small for weak oupling
it inreases rapidly in the intermediate oupling regime,
U = 2 − 4. The ratio W/∆ex, whih is plotted in the
inset of Fig. 3, also inreases from a small value at weak
oupling to larger values at intermediate oupling. This
shows that sharp (long-lived) quasipartiles exitations
are suppressed then.
We now turn to spin and harge response funtions.
Within our framework we an alulate the loal dy-
nami spin suseptibility χs(ω) = (1/N)
∑
q χs(ω, q) and
harge suseptibility χc(ω). The temperature depen-
dene of χs in the stati limit has been disussed by
Keller et al.
15
and the existene of a spin gap was demon-
strated. In the following Fig. 4 we show the imaginary
part of χs(ω) (top) and χc(ω) (bottom) for a number of
values of U .
The spin response is suppressed when the loal attration
U is inreased. The spin gap45 ∆sp grows with U as an
be seen in the inset of Fig. 5, and it is diretly related
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FIG. 4: (Color online) The imaginary part of the loal dy-
nami spin suseptibility χs(ω) (top) and of the harge sus-
eptibility χc(ω) (bottom) for dierent U .
to the gap in the one partile exitation spetrum. This
is expeted sine spin exitations are aompanied by
breaking of a fermioni pair with opposite spin. For large
U the binding energy is proportional to U . The harge
suseptibility shows a dierent behavior. The broad peak
for weak oupling beomes sharper in the strong oupling
limit and moves to lower energy. A similar trend is seen
in the results for the harge suseptibility for q = 0 in the
two dimensional model
20
. A peak related to the massless
Goldstone mode ω2 ∼ q2 is not present in our DMFT
alulation for the loal harge suseptibility. The vis-
ible harge gap
45 ∆c, whih is always smaller than the
spin gap, rst inreases with U but at strong oupling
dereases again (see Fig. 5). The maximum ours at a
value, whih is a bit larger than Uc = 2 for the two-body
bound state problem.
One way of understanding this behavior is to onsider
the mapping of the attrative Hubbard model to the half
lled repulsive model in a magneti eld. At strong ou-
pling this an be mapped to a Heisenberg model with
spin oupling J = 4t2/U . Charge exitations in the at-
trative model orrespond to spin exitations in the re-
pulsive model, and the harateristi sale for the latter
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FIG. 5: (Color online) The harge gap ∆c for a range of
interations U . The dashed line behaves ∼ 4t2/U . Inset: The
spin gap as a funtion of U .
is J . The dashed line in Fig. 5 proportional to 4t2/U
with an adjusted prefator reets this dependene.
Perspetive - Let us omment on the range of applia-
tions of the extended DMFT-NRG method. Within this
approah low temperature stati and dynami response
funtions an be alulated. In the experimental situa-
tion for the BCS-BEC rossover, the trapped fermioni
gases onstitute an inhomogeneous system. With a
larger numerial eort these situations an be studied
with real spae DMFT extensions as done for the Mott
transition
46
. In the experiments it is diult to ool the
fermions down to very low temperatures ompared to
the Fermi energy. At nite temperature, but still in the
symmetry-broken phase, the exitation gap is expeted
to be smaller ompared to our T = 0 ase and the width
of the quasipartile exitation larger
19
. A alulation at
nite temperature would be desirable to see how well
the general features desribed here are still visible in the
whole rossover regime.
Moreover, with the given method other models aes-
sible by DMFT an be investigated. This inludes, for
instane, systems with a loal eletron phonon oupling,
whih are relevant to understand the fulleride superon-
dutors. Also periodi Anderson type models and our-
ring superonduting phases are aessible.
Apart from these approximation to lattie models
with a loal self-energy, our method ould also be
used to study open problems for magneti impurities
in superondutors
47
. Aording to Anderson's theo-
rem and the work of Abrikosov and Gor'kov
48,49
a -
nite onentration of non-magneti impurities does not
alter an s-wave superonduting state, but magneti im-
purities suppress the order substantially. So far there
are, however, few reliable quantitative mirosopi stud-
ies of the loal eet of a single impurity (magneti or
non-magneti) on a superondutor. Sine this is a non-
perturbative problem our self-onsistent NRG alulation
ould be an exellent method to takle this problem. An
attempt to investigate this based on the NRG method
without self-onsisteny was made by Sakai et al.
36
.
Conlusions - We have applied an extended DMFT-
NRG method to alulate self-onsistent solutions with
superonduting symmetry breaking in the attrative
Hubbard model. This method an aess stati and dy-
nami quantities for any oupling strength and doping.
We have foused on the zero temperature one partile
spetrum and the loal dynami spin and harge sus-
eptibilities for quarter lling. It was shown that the
exitation energies are redued substantially from their
mean eld results due to utuations. At weak oupling
there are well-dened fermioni quasipartile exitations,
but as displayed in Fig. 3 the width of these exita-
tion inreases at intermediate oupling, suh that sharp
quasipartile exitations are suppressed. In addition, the
dierent behavior of the exitation gaps in the dynami
harge and spin suseptibilities has been analyzed quan-
titatively. We also pointed out that this work is not only
relevant for the attrative Hubbard model, but the ap-
proah an be used to study superondutivity in other
models, as well as for a mirosopi desription of the
eet of impurities on superondutors.
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